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a b s t r a c t
A b-coloring of a graph Gwith k colors is a proper coloring of G using k colors in which each
color class contains a color dominating vertex, that is, a vertexwhich has a neighbor in each
of the other color classes. The largest positive integer k for which G has a b-coloring using k
colors is the b-chromatic number b(G) of G. The b-spectrum Sb(G) of a graph G is the set of
positive integers k, χ(G) ≤ k ≤ b(G), for which G has a b-coloring using k colors. A graph
G is b-continuous if Sb(G) = the closed interval [χ(G), b(G)]. In this paper, we obtain an
upper bound for the b-chromatic number of some families of Kneser graphs. In additionwe
establish that [χ(G), n+ k+ 1] ⊂ Sb(G) for the Kneser graph G = K(2n+ k, n)whenever
3 ≤ n ≤ k+1.We also establish the b-continuity of some families of regular graphs which
include the family of odd graphs.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
All our graphs are finite simple and undirected. A b-coloring of a graph G is a proper coloring of G in which each color
class has a color dominating vertex (c.d.v.), that is, a vertex that has a neighbor in each of the other color classes. The b-
chromatic number, b(G), of G is the largest k such that G has a b-coloring using k colors. This concept which was introduced
by Irving andManlove [11] is analogous to the achromatic number of a graph G (which gives the maximum number of color
classes in a complete coloring of G). Clearly, b(G) ≤ 1 + ∆(G), where ∆(G) is the maximum degree of G. Of late, there had
been several papers on the b-chromatic number of graphs [1–5,9–11,13,12,17,16,18,19]. From the very definition of b(G),
the chromatic number χ(G) of G is the least k for which G admits a b-coloring using k colors. Graphs for which there exists
a b-coloring using k colors for every k in χ(G) ≤ k ≤ b(G) have been called b-continuous graphs. Recently, there had been
several papers on b-continuity of graphs [6–8,13,14]. Not every graph is b-continuous. For instance, it is shown in [17] that
Q3 has a b-coloring using 2 colors and 4 colors but none with 3 colors, and hence Q3 is not b-continuous. Consequently, the
question arises as to which families of graphs are b-continuous. Graphs for which χ(G) = b(G) are trivially b-continuous
(for instance, complete multipartite graphs and the Petersen graph). Some other families of graphs which are b-continuous
are the families of chordal graphs, cographs and P4-sparse graphs [6,3]. The b-spectrum of a graph G is the set of positive
integers k for which G has a b-coloring using k colors and is denoted by Sb, that is, Sb = {k:G has a b-coloring using k colors}.
Clearly, {χ(G), b(G)} ⊂ Sb(G) and G is b-continuous iff Sb(G) is equal to the closed interval [χ(G), b(G)].
Let n, k be positive integers and let [2n+k] = {1, 2, . . . , 2n+k}. Let [2n+k]n be the set of n-subsets of [2n+k]. The Kneser
graph K(2n+ k, n) is the graph with vertex set [2n+ k]n in which two vertices are adjacent iff the corresponding n-subsets
are disjoint. Note that K(5, 2) is the Petersen graph. It is easy to see that the Kneser graph K(2n + k, n) is a connected
regular graph of order

2n+k
n

and degree

n+k
n

. Some properties of Kneser graphs have been studied earlier (see, for
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instance, [20,22]). That the chromatic number of Kneser graph K(2n+ k, n) is k+ 2 was conjectured by Kneser in 1955 [15]
and proved by Lovasz in 1978 [20]. As regards the b-chromatic number of Kneser graphs, only very few results are known.
The following results are due to Javadi and Omoomi [13].
Theorem 1.1 ([13]). Let m, n, k be positive integers such that m = 2n+ k. Then
(i) if m is odd, b(K(m, 2)) =

m(m−1)
6

,
(ii) if m is even and m ≠ 8, b(K(m, 2)) =

(m−1)(m−2)
6

+ 3, and
(iii) if m = 8, b(K(8, 2)) = 9.
The odd graphs are Kneser graphs for which k = 1. Takingm = 5, we have the following.
Corollary 1.2 ([13]). For the Petersen graph P = K(5, 2), b(P) = 3.
Theorem 1.3 ([13]). For n ≥ 3, the b-chromatic number of the odd graph K(2n+ 1, n) is n+ 2.
Javadi and Omoomi also conjectured that b(K(m, n)) = Θ(mn). This conjecture has been proved to be correct in [9] by
Hossein Hajiabolhassan. In this paper, we obtain an upper bound for the b-chromatic number of some families of Kneser
graphs. In addition, we find a subset of the b-spectrum of some families of Kneser graphs and establish the b-continuity of
some families of regular graphs (including odd graphs). We use the following terminology: we say a number (or element) p
belongs to some vertex of the Kneser graph if p is a member of the n-subset of [2n+ k] representing that vertex.
2. Upper bound for the b-chromatic number of some families of Kneser graphs
Weknow that b(G) ≤ 1+∆(G) for any graphG. Asmentioned before, Javadi andOmoomi have shown that equality holds
for the odd graphs.We present a shorter proof of this result in Section 4. Hence the natural question that one can ask is: ‘‘Are
there any Kneser graphs (other than odd graphs) with b-chromatic number equal to the maximum degree plus one ?’’. In
this context, we present some families of Kneser graphs G for which b(G) < 1+∆(G). In what follows, (a1, . . . ,ai, . . . , an)
with a roof over ai means that we have to delete ai in the sequence (a1, . . . , ai, . . . , an).
Theorem 2.1. If G = K(2n + k, n) is a Kneser graph of degree d with |V (G)| ≤ 2d + 2 − 2i, where i ≥ 0 and n ≥ 2, then
b(G) ≤ d− i.
Proof. Assume the contrary. Then b(G) = d− i+ j, where j ≥ 1. Consider a b-coloring of Gwith d− i+ j colors. Recall that
d =

n+k
n

.
Claim. There exists a singleton color class.
If not, each color class contains at least two vertices. Suppose there is a color class containing at least three vertices, then
|V (G)| ≥ 3 + 2(d − i + j − 1) ≥ (2d + 2) − 2i + 1, contradicting the hypothesis. Hence each color class must consist of
exactly two vertices.
Let u = (1, 2, . . . , n) be a c.d.v. of a color class C , and let T be the set of vertices that are n-subsets of {1, 2, . . . , n + 1}.
Then u ∈ T , and T is an independent set of G.
Case 1. There exists a vertex v ∈ T such that v is a c.d.v. in a color class C ′ distinct from C .
Without loss of generality, we may assume that v = (2, 3, . . . , n + 1). Consider the vertex w = (1,2, 3, . . . , n + 1) in
T . As {u, v, w} ⊂ T ,w can not belong to C; otherwise the c.d.v. v of C ′ must have a neighbor in C and hence C must have at
least three vertices, a contradiction. For a similar reason,w ∉ C ′. Let C ′′ be the color class containingw. As u is a c.d.v. and u
is not adjacent tow, there is a vertex y in C ′′ to which u is adjacent and hence the element n+ 1 must belong to bothw and
y. Since v is a c.d.v. of C ′ and v is adjacent neither to y nor tow, there must be a vertex, say z, in C ′′ adjacent to v. Naturally,
z ≠ y, and z ≠ w. Hence C ′′ has at least three vertices, again a contradiction.
Case 2. No vertex of T is a c.d.v. of a color class distinct from C .
Consider the vertices w = (1,2, 3, . . . , n + 1) and v = (2, 3, . . . , n + 1) in T . Then w and v can not receive the same
color; otherwise, the color class containing w and v has at least three vertices. Suppose w, v belong to the color classes C1
and C2 respectively. Then there are three possibilities: C1 = C , C2 = C and C ≠ C1, C2.
Suppose C = C1. Then C = {u, w}. As u is a c.d.v. and {u, v} ⊂ T , there exists x ∈ C2 such that u is adjacent to x, and
hence v and x have n+ 1 as a common element. Then xmust be the c.d.v. for the color class C2, because |C2| = 2. There are
two subcases to consider.
Subcase (i) n = 2.
Without loss of generality, we can take x = (3, i), where i ≥ 4. Consider the vertex z = (1, i). Clearly z ∉ C ∪ C2. Let C3
be the color class containing z. Since z is not adjacent to u and w, z is not a c.d.v. for C3 and hence there should be a vertex
R. Balakrishnan, T. Kavaskar / Discrete Applied Mathematics 160 (2012) 9–14 11
(i) (ii)
Fig. 1. (i) Case when x does not belong to Ci (ii) Case when x belongs to C1 .
in C3, say g , that is adjacent to u (because u is a c.d.v. for C). As z, g ∈ C3, i is a common element to z and g and therefore x
is not a c.d.v. for the color class C2, a contradiction.
Subcase (ii) n ≥ 3. The proof is similar.
Thus C ≠ C1. For a similar reason C ≠ C2. We are therefore left out with the case C ≠ C1, C2. Since u is a c.d.v. for C and
{u, w, v} ⊂ T , there are verticesw′, v′ such that u is adjacent tow′ ∈ C1 and to v′ ∈ C2. Furthermore, asw, v,w′ and v′ all
have n+ 1 as a common element, either C1 or C2 has at least three vertices, once again a contradiction. Consequently, there
must exist a singleton color class, justifying our claim.
Assume now that G has l singleton color classes, where l ≥ 1. Let them be {u1}, . . . , {ul}, where uj = (uj1 . . . , ujn). Then
the remaining c.d.v.’s must be in
l
i=1 NG(ui).
Let x = (a1, a2, . . . , an) be a c.d.v., where x ∉ {u1, u2, . . . , ul} (such an x must always exist, because n ≥ 2). Let
S = {(a1, . . . ,ai, . . . , an; ujk): 1 ≤ i ≤ n, 1 ≤ j ≤ l, 1 ≤ k ≤ n}. Then |S| = ln2. Since every vertex of S is not adjacent to at
least one of the uj’s, no vertex of S is a c.d.v. Let C1, . . . , Cs be those color classes that have a non-empty intersection with S.
Consequently, S ⊂si=1 Ci and |si=1 Ci| ≥ |S| = ln2.
Suppose s ≤ l, then |V (G)| ≥∑li=1 |{ui}|+∑si=1 |Ci|+2(b(G)−s−l) ≥ l+ln2+2(d−i+j)−4l ≥ l+4l+2(d−i+1)−4l ≥
1+ |V (G)|, as j ≥ 1, n ≥ 2 and l ≥ 1, a contradiction.
Therefore we assume that s ≥ l+ 1. In this case we claim that∑si=1 |Ci| ≥ 3s.
Suppose x ∉ Ci. Ci contains at least one vertex, say vi, of S such that vi is not a c.d.v., as already mentioned. Further, the
c.d.v. x is not adjacent to vi in Ci and hence it is adjacent to some vertex in Ci, say yi(≠ vi). Since vi, yi are in Ci, they have a
common element and this common element must be ujk, for some j, k which implies that yi is not adjacent to uj and hence
yi is not a c.d.v. Therefore Ci has another vertex say, zi(≠ yi, vi), which is a c.d.v. for Ci (see Fig. 1(i)) and therefore |Ci| ≥ 3,
for 1 ≤ i ≤ swhenever x ∉ Ci.
Suppose x ∈ C1. As C1 ∩ S ≠ ∅, v1 = (a1, . . . ,ai, . . . , an; ujk) ∈ C1 ∩ S. Without loss of generality, v1 = (a2, . . . , an; ujk).
Suppose |C1| = 2. If some |Ci| ≥ 4, for i ≠ 1, then we combine C1 and Ci, and get |C1| + |Ci| ≥ 2 + 4 = 6. Therefore, we
need only consider the case when |Ci| = 3, for 2 ≤ i ≤ s and hence Ci = {vi, yi, zi}, 2 ≤ i ≤ s. Then zi, yi ∉ S, and therefore
S ∩ Ci = {vi}, 1 ≤ i ≤ s. We now consider the class Cb with vb = (a2, a3, . . . , an; uir) ∈ Cb, where uir ≠ ujk. As zb, vb ∈ Cb
and zb is a c.d.v., they have a common element from {a2, . . . , an} (see Fig. 1(ii)), and hence zb is not adjacent to both x and
v1 in C1 (in Fig. 1(ii), the dotted lines indicate nonadjacency), a contradiction to the fact that zb is a c.d.v. Thus |C1| ≥ 3, and
hence
∑s
i=1 |Ci| ≥ 3s. Now, |V (G)| ≥
∑l
i=1 |{ui}| +
∑s
i=1 |Ci| + 2(b(G)− s− l) ≥ 1+ |V (G)|, as s ≥ l+ 1, a contradiction.
Therefore b(G) ≤ d− i. 
Corollary 2.2. If k >

n
2
1
n −1
− 1

, then b(K(2n+ k, n)) ≤ d, where d is the degree-regularity of the Kneser graph.
Proof. Let G = K(2n+k, n). It is enough to verify that |V (G)| ≤ 2d+2, which corresponds to the case i = 0 of Theorem 2.1.
It is easy to check that k >

n
2
1
n −1
− 1

⇔  n+k+1k+1 n < 2. But  n+k+1k+1 n < 2 implies that 2d+2 = 2  n+kn +2 ≥  2n+kn  =
|V (G)|. 
3. b-spectrum of some families of Kneser graphs
Javadi and Omoomi [13] have shown that the Kneser graph K(4+ k, 2) is b-continuous if 4+ k ≥ 17. We show that the
odd graphs K(2n + 1, n) are b-continuous in Section 4. This tempts us to ask whether all Kneser graphs are b-continuous.
In this context we show, in this section, that the interval [χ, n+ k+ 1] belongs to the b-spectrum of some spacial classes of
Kneser graphs.
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Fig. 2. Partition of the vertex set of Kneser graph into n+ k+ 1 independent sets.
Theorem 3.1. For any two positive integers n, k with 3 ≤ n ≤ k + 1, the b-spectrum of the Kneser graph K(2n + k, n) = G
contains the set {χ(G) = k+ 2, k+ 3, . . . , n+ k+ 1}.
Proof. We first assume that k ≥ 3. It is enough to prove that G = K(2n + k, n) has a b-coloring using s colors, for
k + 2 ≤ s ≤ n + k + 1. First we show that G has a b-coloring using s = n + k + 1 colors, and using this coloring we
prove the result for the other values of s. Consider the Lovasz’s Partition of [2n+ k]n as given in [20]: for 1 ≤ i ≤ n+ k+ 1,
denote byVi the set of vertices ofG represented by then-tuples that startwith i and the remainingn−1 elements chosen from
{i+ 1, . . . , 2n+ k} (see Fig. 2). Using this partition, we form another partition {U1, . . . ,Un+k+1} to make a proper choice of
c.d.v.’s as follows: (We remove n vertices from each of V1 and V2, and distribute them equally to the n sets Vk+2, . . . , Vn+k+1.)
U1 = V1 \

(1,2, 3 . . . , n; i)| k+ 2 ≤ i ≤ n+ k+ 1 ;
U2 = V2 \ [{(2; k+ 3, . . . , n+ k+ 1)} ∪ {(2; k+ 2, . . . ,i+ 1, . . . , n+ k+ 1)| k+ 2 ≤ i ≤ n+ k}];
for 3 ≤ i ≤ k+ 1, Ui = Vi;
for k+ 2 ≤ i ≤ n+ k,
Ui = Vi ∪ {(1,2, . . . , n; i), (2; k+ 2, . . . ,i+ 1, . . . , n+ k+ 1)};
and
Un+k+1 = Vn+k+1 ∪ {(1,2, 3, . . . , n; n+ k+ 1), (2; k+ 3, . . . , n+ k+ 1)}.
Such a partition always exists because of our assumption that 3 ≤ n ≤ k+ 1. Since the element i belongs to every vertex
of Ui, for 1 ≤ i ≤ n+ k+ 1, each Ui is an independent set in G. Now color the vertices in Ui by i, 1 ≤ i ≤ n+ k+ 1. Let the
vertex xj := (j; n+ k+ 2, . . . , 2n+ k) ∈ Uj, 1 ≤ j ≤ n+ k+ 1 (that is, the bottom vertex of Vj of Fig. 2).
We now show that the n+ k+ 1 vertices x1, . . . , xn+k+1 are c.d.v.’s for their respective colors. We prove this by showing
that the number of possible neighbors of each xj in each of the color classes Ui, i ≠ j, is at least 1.
First consider the casewhen3 ≤ i ≤ k+1 and1 ≤ j ≤ k+1. If j < i, the vertices adjacent to xj must have numbers distinct
from the numbers belonging to xj. Further in Vi, the first coordinate of all the vertices is iwhile the numbers 1, 2, . . . , i− 1
are all absent. This includes j which had already been excluded. Hence there are (2n + k) − n − (i − 1) = n + k − i + 1
choices for the (n− 1) positions, excluding the first position in the vertices of Ui = Vi. Hence the number of neighbors of xj
in Ui = Vi, j < i, is

n+k+1−i
n−1

≥ 1. If j > i, we can similarly see that the number of neighbors of xj in Ui = Vi is

n+k−i
n−1

≥ 1.
Next, we consider i = 1, 2, and 3 ≤ j ≤ n+k+1. In this case, xj has

n+k−2
n−1

−n ≥ 1 neighbors inU2 and

n+k−1
n−1

−n ≥ 1
neighbors in U1, as k ≥ 3. Similarly, x2 has

n+k−1
n−1

− n ≥ 1 neighbors in U1 and x1 has

n+k−1
n−1

− n ≥ 1 neighbors in U2.
Now for 1 ≤ j ≤ k + 1, j ≠ 2, the vertex xj is adjacent to the vertex (2; k + 2, . . . ,i+ 1, . . . , n + k + 1) in Ui, for
k + 2 ≤ i ≤ n + k and it is adjacent to the vertex (2; k + 3, . . . , n + k + 1) in Un+k+1. Further the vertex x2 is adjacent to
(1,2, 3, . . . , n; i) ∈ Ui, for k+ 2 ≤ i ≤ n+ k+ 1. Therefore the vertex xj is a c.d.v. with the color j, for 1 ≤ j ≤ k+ 1. Also,
for k + 2 ≤ i ≤ n + k + 1 and k + 2 ≤ j ≤ n + k + 1, i ≠ j, the vertex xj is adjacent to the vertex (1,2, . . . , n; i) in Ui, as
k ≥ n− 1. Thus, the vertex xj is a c.d.v. with the color j, for k+ 2 ≤ j ≤ n+ k+ 1 as well. Therefore G has a b-coloring using
n+ k+ 1 colors. Equivalently,
n+ k+ 1 ∈ Sb(K(2n+ k, n)). (a)
R. Balakrishnan, T. Kavaskar / Discrete Applied Mathematics 160 (2012) 9–14 13
Fig. 3. Regular graph Gwith χ(G) = 4, b(G) = kwhose girth is 3, but which has no b-coloring using 5 colors.
We now invoke a result of Saeed Shaebani [21] which states that
Sb(K(2n− 2+ k, n− 1)) ⊆ Sb(K(2n+ k, n)), where n ≥ 2. (b)
Changing n to n− 1 in (a), we get that n+ k ∈ Sb(K(2n− 2+ k, n− 1)) and hence by (b), n+ k ∈ Sb(K(2n+ k, n)). Going
backward up to n = 4, it follows that {k+ 2, k+ 3, . . . , n+ k+ 1} ⊆ Sb(K(2n+ k, n)).
For k = 2 (which corresponds to the case n = 3), K(8, 3) has a b-coloring using 6 = n + k + 1 colors as follows:
U1 = V1 \ {(1, 3, 4), (1, 4, 5), (1, 5, 6)}; U2 = V2 \ {(2, 3, 5), (2, 4, 5), (2, 4, 6)}; U3 = V3; U4 = V4 ∪ {(1, 3, 4), (2, 4, 5)};
U5 = V5 ∪ {(1, 4, 5), (2, 3, 5)};U6 = V6∪{(1, 5, 6), (2, 4, 6)}. AlsoK(8, 3)has a b-coloring using 5 = n+k colors as follows:
W1 = V1\{(1, 3, 4), (1, 5, 6)};W2 = V2\{(2, 5, 6)};W3 = V3;W4 = V4∪{(1, 3, 4)};W5 = V5∪V6∪{(1, 5, 6), (2, 5, 6)}. 
4. b-continuity of regular graphs
Mostafa Blidia et al. [2] made the following conjecture:
Conjecture ([2]). If G is an r-regular graph (other than the Petersen graph) with girth at least five, then b(G) = r + 1.
In their paper, they have provided a partial answer to this conjecture when 2 ≤ r ≤ 6 and when G is a regular graph
without cycles of length six. Further Kouider and Sahili [16] have shown that the conjecture is truewhen G is a regular graph
with girth at least six. Till date this conjuncture is not settled completely. In this context, in this section, we consider the
b-continuity of regular graphs. The graphs Kk,k − F , where k ≥ 4 and F is a 1-factor of Kk,k, is a (k − 1)-regular graph with
girth 4 but it is not b-continuous.
Also for k ≥ 8 and k even, the graph G given in Fig. 3 is a vertex-transitive k-regular graph of order 2k, and girth 3, got
by adding additional edges (as shown in Fig. 3) to k2 copies of the cycle C4. Let X = {ui: 1 ≤ i ≤ k} and Y = {vi: 1 ≤ i ≤ k}.
One can easily check that χ(G) = 4 and b(G) = k. We now prove that G has no b-coloring using 5 colors. Suppose G has a
b-coloring using 5 colors, say, c . Let Vj denote the color class j, 1 ≤ j ≤ 5. Since ⟨u1, u2, v3, v4⟩ is a clique, we can assume
WOLG that c(u1) = 1, c(u2) = 2, c(v3) = 3 and c(v4) = 4. Also (as G is vertex-transitive) we may assume that u1 is a c.d.v.
for V1. Then u1 has a neighbor in V5, say, x and hence x ∈ Y . Thus either x = v2 or x = vi, i ≥ 5.
Case (a) x = vi, i ≥ 5.
Here wemay assume, as G is vertex-transitive, that i = 5. From the structure of G, it is clear that V3 ⊆ {u3}∪ Y \ {v4, v5},
V4 ⊆ {u4} ∪ Y \ {v3, v5} and V5 ⊆ {u5} ∪ Y \ {v3, v4, v6}.
Subcase (i) v3 is a c.d.v. for V3.
v3 has a neighbor in V5 and it should be u5. Since c(u5) = c(v5) = 5 and by the definition of G, V5 = {u5, v5}. Since c is
a b-coloring, either u5 or v5 is a c.d.v. for V5. WOLG, assume that u5 is a c.d.v. for V5; then either color 1 or 2 should be in Y .
WOLG, c(v1) = 1 and c(u6) = 2. Then c(v1) = 1, c(v3) = 3, c(v4) = 4 and c(v5) = 5 and no vertex uj for j ≥ 7 receives a
color from {1, 3, 4, 5}. (Also we know that uj and uj+1 for j = 7, 9, . . . , k− 1 induce a K2 and thus we need at least 6 colors,
a contradiction). Thus at least one vertex in {uj, uj+1}, j ≥ 7 can not receive from {1, 2, 3, 4, 5}, a contradiction. (For the
remaining subcases, we will get similar contradictions).
Case (b) x = v2.
Since c(v2) = 5, V5 ⊆ Y \ {v1, v3, v4}. Then some vertex of V5 is a c.d.v., say vj, j ≠ 1, 3, 4. We argue as in case (a), and
we get a contradiction. Thus G has no b-coloring using 5 colors.
This graph is an example of a regular graph with girth 3 which is not b-continuous. This raises the following natural
question.
Open problem
Is it true that any regular graph with girth at least 5 is b-continuous?
In Theorem 4.2 and its corollaries, we present the validity of a weaker version of this question. First we recall a lemma
from [16].
Lemma 4.1 ([16]). If G is a k-regular graph of girth at least 6, then b(G) = k+ 1.
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Theorem 4.2. If G is k-regular graph with girth at least 6 having no cycles of length 7, then G is b-continuous.
Proof. For x ∈ V (G), let Np(x) denote the set of vertices which are at distance p from x in G. Let N1(x) = {y1, . . . , yk}. By
Lemma 4.1, b(G) = k + 1. Hence it is enough to prove that G has a b-coloring using s colors for all s in χ(G) < s < k + 1.
Now color x by 1, yi by i+ 1, for 1 ≤ i ≤ s− 1, and color the neighbors of yi in N2(x) by colors from {2, . . . ,i+ 1, . . . , s}, for
1 ≤ i ≤ s− 1. Next color all the vertices of N3(x) by 1. By our hypothesis, this coloring is proper. Denote by H the subgraph
induced by the uncolored vertices of G. One can easily observe that no vertex of H is adjacent to any vertex of G \ H with
colors in {2, . . . , s}. Since H is a subgraph of G and s− 1 ≥ χ(G), we have s− 1 ≥ χ(G) ≥ χ(H) and hence H can be given
a proper coloring by 2, . . . , s. Thus G is b-continuous. 
Corollary 4.3. If G is a regular bipartite graph with girth not equal to 4, then G is b-continuous.
Corollary 4.4. If G is a regular graph with girth at least 8, then G is b-continuous.
Now the odd graph K(2n + 1, n) is (n + 1)-regular, and for n ≥ 3, it is of girth 6. Hence Theorem 1.3 is an immediate
consequence of Lemma 4.1.
We note that the only odd graph which is of girth 5 is the Petersen graph K(5, 2) and has b-chromatic number 3(= k), as
mentioned already [13]. Our proof of Theorem 1.3 is much shorter than the one given in [13] (though we use Lemma 4.1).
Yet another corollary of Theorem 4.2 is a result of Saeed Shaebani [21].
Corollary 4.5 ([21]). The odd graphs K(2n+ 1, n) are b-continuous, for n ≥ 2.
Proof. Let G = K(2n+ 1, n). We know that the girth of G is 6, and G has no cycle of length 7 if n ≥ 4. Then by Theorem 4.2,
the result follows. If n = 2, G is the Petersen graph and by Corollary 1.2, b(G) = χ(G) = 3. Finally we consider the
case when n = 3. Since χ(K(7, 3)) = 3 and b(K(7, 3)) = 5, we need only to prove that K(7, 3) has a b-coloring
using 4 colors. The following color partition of V (K(7, 3)) gives such a b-coloring: U1 = {(567), (127), (137), (235), (236),
(237), (247), (257), (267), (347), (357), (367)},U2 = {(467), (126), (134), (136), (146), (156), (246), (346), (356),
(456)},U3 = {(457), (124), (125), (147), (157), (167)} and U4 = {(123), (135), (145), (234), (245), (256), (345)}. The
leading vertices (567),(467),(457) and (123), in the above four sets are c.d.v.’s. Thus K(7, 3) is b-continuous. Hence the odd
graph K(2n+ 1, n) is b-continuous for each n ≥ 2. 
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